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which completes the proof.

Editor’s comment. Digby Smith remembered that the following problem proposed
by Jack Garfunkel and George Tsintsifas appeared in the August—September 1982
issue (Vol. 8, no. 7, p. 210) of Cruz and a solution given by Vedula N. Murty
appeared in the November 1983 issue (Vol. 9, no. 9, p. 282):

%ZsinBsinC’ < HCOSB;C < chosA.

Smith gave a proof by first showing that 2L < > sin Bsin C, which together with
the above inequality yields the result.

4004. Proposed by George Apostolopoulos.
Let x,y, z be positive real numbers such that  + y + 2z = 2. Prove that

5 5 5

x Y z

> 1.
yz(a? + y?) + zx(y? + 22) * 2y(22 +22) ~

We received 16 correct submissions. We present 3 solutions.
Solution 1, by Arkady Alt.
Since by Cauchy’s Inequality

Yo=Y (2 4y + )’
Coyz(a?+y?)  Lrayz(a’+y?) T Y ayz (e’ +y?)]
cyc

it suffices to prove the inequality
(x3 + y3 + 23)2 -1
>oayz(@?+y?) T
cyc
We have the following equivalences:
31 .31 3)2
(z® +y* + 2%) 2
2 2>1 = (3492 +23) > 20y2 (22 + 9%+ 22
S ayz (22 1 42) ( y )" = 2zy2 ( Y )
cyc
— (333+y3+23)2 >ayz(z+y+2) (m2+y2+z2),
where the latter inequality holds because by AM-GM Inequality
23 P 4 2% > 3ayz
and by Chebyshev’s Inequality
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Solution 2, by Michel Bataille.

Let a = 3, b= 4 and ¢ = 5. With these notations, we are required to prove

al n o n I >abc
a?4+b2 b4 2+a T 2

under the conditions a,b,¢ >0 and a+b+c=1.

The Cauchy-Schwarz inequality gives

( ab o 8

a2 + b2 +b2+02 +62+a2)((a2+b2)+(b2+62)+(02+a2))2(a3+b3+c3)2,

Hence, (1) will follow if we prove
313 4 3)2
@A) o e
a?+b% +c?

. 3,333 . . .
Since abe < “H’Tﬂ, it is sufficient to show that

3(a® + 03+ ) > a® + % + 2
Now, the latter follows from
3(a® + b2+ ) > 2(a® + b3 + ) + 3abe
=a® + 0+ A+ (6 + 03+ A+ 3abe)
> a® + 0% + A+ ab® + a®b+ b + b2c + ca® + c*a (Schur’s ineq.)

=@+ + ) a+b+c)=a? +b> 4+ (sincea+b+c=1)

so we are done.

Solution 3, by Oliver Geupel.
By hypothesis  + y + z = 2 and by the Cauchy-Schwarz inequality we have
5 5 5

( - + Y + - ) (x +y+ 2)wyz(a® +y* + 2%)
yz(@® +y?)  za(y®+2%)  ay(z® +a7)

) (ZyZ(x2+y ) (nyzx +9%) >2($3+y3+z3)2.

cyc cyc

By the power mean inequality, it holds

3 3 3\ 1/3 2 2 2y 1/2
<x +gg +z) Z(x +zé +z) Zx+g+22(xy2)1/3.
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Putting together we obtain

5 5 5

x y z
@ ) P+ ) ay( )
(3 + 33 + 23)2
T (x+y+2)ryz(a? + y? + 22)
(m3 + y3 + 23)1/3 3 +y3 4 23 (393 +y3 4 23)2/3
T+y+z zyz a2yt 2
>372/3.3.371/8 = 1.

Hence the result. By the equality condition of the power mean inequality, the
equality holds if and only if z =y = z = 2/3.
4005. Proposed by Michel Bataille.

Let a, b, c be the sides of a triangle with area F'. Suppose that some positive real
numbers x, y, z satisfy the equations
r+y+z=4 and
4—yz 4—zx 14—z
Y at 4 Y A
z

bt +

2b%c? 4 2yc?a’® + 2za%b* — < ) = 16F2.
Show that the triangle is acute and find x,y, 2.
We present the proposer’s solution — no others were submitted.
The second equation gives
(2y2)(16F2)
= zyz(2xb%c® + 2ycta® + 22a%V?) — yz(4 — y2)a* — zx(4 — 22)b* — xy(4 — zy)ct
= (a®yz + b%zz 4 Pay)? — (da’yz + 4b*zz + Actzy)

2
= (g(bzz +c%y) + g(CQ.’IT +a’z) + g(bzx + a2y)) — (4a'yz + 4b* 2z + 4ctxy).

Since t + t? is a convex function and z + y + z = 4, Jensen’s inequality yields
%(bzz + )2+ %—i(c% +a%2)% + Z(b% + a?y)?
2

> (%(522 + Py) + %(czx +a’z) + Z(b% + azy)) (1)
and it follows that
(2y2)(16F?)
< z(0?z+ Ay)? +y(Ee + a®2)? + 2(V%x + a®y)? — (datyz + b zx + Actzy)
=atyz(y+ 2 —4) + blzx(z + o —4) + ctay(z +y — 4) + 2y2(20°c2 + 2c¢2a® + 24%D?)
= 2yz(2b%c? + 2¢%a® + 2a%H? — a* — b — ¢t)
= (2y2)(16F?).
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